In this paper the authors characterize all the 4 × 4 zero-nonzero patterns that are spectrally arbitrary. Several observations and conjectures are presented for the n × n case.
Introduction and Summary of Results
An n × n sign pattern of a matrix is said to be spectrally arbitrary if it allows any self-conjugate multiset of n numbers as its spectrum. The problem of classifying sign patterns of matrices that are spectrally arbitrary was first proposed by Drew, Johnson, Olesky and van den Driessche [3] in 2000. Since that time there have been several papers on this topic (see for example , [1] , [2] , [4] , [5] , [8] , [11] , [12] ).
In this paper, we will also refer to an n × n zero-nonzero pattern that allows any self-conjugate multiset of n numbers as its spectrum as a spectrally arbitrary zero-nonzero pattern. Our interest is in identifying all the spectrally arbitrary zero-nonzero patterns. We recognize that if a sign pattern is spectrally arbitrary, then the associated zero-nonzero pattern is also spectrally arbitrary, however it should be noted that not every signing of a spectrally arbitrary zero-nonzero pattern will result in a spectrally arbitrary sign pattern. Using a proof technique from [3] , for each spectrally arbitrary zero-nonzero pattern we identify, we provide a signing of that zero-nonzero pattern that is spectrally arbitrary (see Appendices A and B). It is not yet known if every spectrally arbitrary zero-nonzero pattern has a signing that is spectrally arbitrary.
In this paper, we summarize the known results about minimally spectrally arbitrary 3 × 3 zero-nonzero patterns (based on the work in [1] ), and identify all the minimal spectrally arbitrary 4×4 zero-nonzero patterns (see Appendix A and Appendix B). We provide a summary of our results and observations next, and encourage our readers to look at Section 2 of our paper for the definitions of any terms that they might not be familiar with. The proofs of our results are provided in Section 3.
It is worth noting that the graph of every irreducible spectrally arbitrary zero-nonzero pattern must contain two loops and a 2-cycle.
The following result is a straight forward consequence of [1, Theorem 5.2] . Theorem 1.1 Let A be a 3 × 3 irreducible zero-nonzero pattern.
(i) If A has five or fewer nonzero entries, then A is NOT spectrally arbitrary.
(ii) If A has six nonzero entries and is spectrally arbitrary, then A is minimally spectrally arbitrary and is equivalent to one of: (iii) If A has seven or more nonzero entries, at least two of which are on the diagonal, then A is spectrally arbitrary, but not minimally spectrally arbitrary.
The following theorem summarizes some of the main results in this paper. The proofs are provided in Section 3.
Theorem 1.2 Let
A be a 4 × 4 irreducible zero-nonzero pattern.
(i) If A has seven or fewer nonzero entries, then A is NOT spectrally arbitrary.
(ii) If A has eight nonzero elements and is spectrally arbitrary, then A is a minimal spectrally arbitrary pattern and is equivalent to one of the patterns represented in Appendix A.
(iii) If A has nine nonzero elements and is a minimal spectrally arbitrary pattern, then it is equivalent to one of the patterns represented in Appendix B. Patterns with nine nonzero entries that are superpatterns of the patterns in Appendix A are also spectrally arbitrary. If A has nine nonzero elements, its graph contains two loops and a 2-cycle, but it is NOT spectrally arbitrary, then A is equivalent to one of the patterns listed in Appendix C, or it is equivalent to pattern that has one of the patterns in Appendix D as a superpattern.
(iv) The patterns with ten nonzero entries, whose graphs contain two loops and a 2-cycle, which are NOT spectrally arbitrary, are equivalent to the patterns listed in Appendix D. Patterns with ten nonzero entries that are spectrally arbitrary are not minimal spectrally arbitrary patterns and are all equivalent to superpatterns of the patterns in Appendix A and Appendix B.
(v) If A has at least two nonzero diagonal entries and at least eleven nonzero entries in all, then A is a spectrally arbitrary pattern, but not a minimal spectrally arbitrary pattern.
We now proceed with some general theorems, observations and conjectures.
One item of particular interest is to identify the smallest number m such that every irreducible zero-nonzero pattern with m nonzero entries, at least two of which are on the diagonal, is spectrally arbitrary.
Theorem 1.3
There exists an irreducible n × n pattern with n(n − 2) + 2 = n 2 − 2n + 2 nonzero entries that is not spectrally arbitrary. This pattern does not contain a transversal and hence the determinant is always zero and the pattern is not spectrally arbitrary.
We conjecture that:
Conjecture 1.4 Every irreducible n×n zero-nonzero pattern with more than n 2 − 2n + 2 nonzero entries, at least two of which are on the diagonal, is spectrally arbitrary.
The pattern from Theorem 1.3 does not contain a transversal. Notice that Theorem 1.5 There exists an irreducible n × n pattern with one transversal and n(n+1) 2 nonzero entries, at least two of which are on the diagonal, that is not spectrally arbitrary.
Proof: Consider the pattern A where
* if i = n and j = 1 0 if 1 ≤ i < n and i + 1 < j ≤ n 0 if i = n and 2 ≤ j ≤ n This pattern always has a nonzero determinant and hence is not spectrally arbitrary.
We also conjecture that: Conjecture 1.6 Every irreducible n × n zero-nonzero pattern with at least one transversal and more than n(n+1) 2 nonzero entries, at least two of which are on the diagonal, is spectrally arbitrary.
We are also interested in finding the maximum number m such that every zero-nonzero pattern with m nonzero entries is not spectrally arbitrary. Our analysis in the 4 × 4 case supports the following conjecture from [1] .
Every irreducible n×n spectrally arbitrary zero-nonzero pattern has at least 2n nonzero entries.
They were able to prove: Theorem 1.8 [1] Every irreducible n × n spectrally arbitrary zero-nonzero pattern has at least 2n − 1 nonzero entries.
In [2] it is shown that the graph of every spectrally arbitrary pattern must contain at least one 2-cycle. The pattern represented by the second matrix in the first row of Appendix B only has two cycles of length 2 or greater. The pattern studied in [3] and represented as the last pattern in Appendix A, has no cycles of length 3 or greater. This shows that there may not be further restrictions on the number of cycles of different sizes in the graph of a spectrally arbitrary pattern.
In [2] , it is shown that there are inertially arbitrary sign patterns that are not spectrally arbitrary. Our Corollary 3.8 establishes that: Observation 1.9 There are inertially arbitrary 4 × 4 zero-nonzero patterns that are not spectrally arbitrary.
In [1] , it is shown that there are sign patterns that allow nilpotency, but are not spectrally arbitrary. Our Corollary 3.9 establishes that: Observation 1.10 There are 4 × 4 zero-nonzero patterns that allow nilpotency, but are not spectrally arbitrary.
We use the Jacobian method from [3] to establish that our zero-nonzero patterns are spectrally arbitrary. Notice then that: Observation 1.11 Every matrix listed in Appendix A or Appendix B also represents a sign pattern that is spectrally arbitrary.
In the 3 × 3 and 4 × 4 case, every spectrally arbitrary zero-nonzero pattern has a spectrally arbitrary signing.
Open Question 1.12 Does every spectrally arbitrary zero-nonzero pattern have a signing that is a spectrally arbitrary sign pattern?
The pattern
is a minimal spectrally arbitrary sign pattern. It is a signing of a zero-nonzero pattern that is not minimally spectrally arbitrary (but is spectrally arbitrary). Observation 1.13 A minimal spectrally arbitrary sign pattern may be a signing of a spectrally arbitrary zero-nonzero pattern that is not minimal.
Definitions, Notation and Conventions
In this paper, a zero-nonzero pattern is a square matrix with entries in {0, * } where * represents a nonzero entry. A sign pattern is a square matrix with entries in {+, −, 0}. A signing of a zero-nonzero pattern A is a sign pattern B such that b ij = 0 whenever a ij = 0 and b ij ∈ {+, −} whenever a ij = * . A zero-nonzero (sign) pattern B is a superpattern of a zero-nonzero (sign) pattern A if b ij = a ij whenever a ij = 0. Note that each zero-nonzero (sign) pattern is a superpattern of itself. An n × n zero-nonzero (sign) pattern A is spectrally arbitrary if for each real monic polynomial r(x) of degree n, there exists some n × n real matrix A with zero-nonzero (sign) pattern A and characteristic polynomial char(A) = r(x). Equivalently, A is spectrally arbitrary if given any self-conjugate multiset of n numbers, there exists an n× n real matrix A with zero-nonzero (sign) pattern A and that has this multiset as its spectrum. A zero-nonzero (sign) pattern A is minimally spectrally arbitrary if it is spectrally arbitrary, but the pattern created by replacing any * (+ or −) with a zero is not spectrally arbitrary.
The inertia of a matrix A is the ordered triple (k, l, m) where k is the number of eigenvalues of A with positive real part, l is the number of eigenvalues of A with negative real part, and m is the number of eigenvalues of A whose real part is zero. A n × n zero-nonzero (sign) pattern A is inertially arbitrary if given any ordered triple (k, l, m) of nonnegative integers with k + l + m = n, there exists an n × n real matrix A whose zero-nonzero (sign) pattern is A and whose inertia is (k, l, m).
We say an n × n zero-nonzero (sign) pattern A allows nilpotency if there exists an n × n real matrix A whose zero-nonzero (sign) pattern is A and whose characteristic polynomial char(A) = x n . Note that each spectrally arbitrary zero-nonzero (sign) pattern must allow nilpotency, must be inertially arbitrary, and must be potentially stable. These are three important sign pattern problems that are considered in the literature (see, for example, [3, 6, 7, 8, 9, 10, 12, 13, 14] ). Note also that any spectrally arbitrary sign pattern must correspond to a signing of a spectrally arbitrary zero-nonzero pattern.
Since the spectrum of a matrix is invariant under permutation and transposition, we will say the zero-nonzero pattern B is equivalent to the zero-nonzero pattern A if there exists a permutation matrix P such that B = P AP T or B = P A T P T (where the superscript T represents the transpose of the matrix or pattern). We will indicate which permutation matrix to use by listing the permutation in cyclic notation. For example (abc) would represent taking P AP T where P is the permutation matrix formed from the identity by moving the a-th row to the b-th row, the b-th row to the c-th row, and the c-th row to the a-th row, and leaving all other rows the same. The notation T (abc) would indicate that first the pattern must be transposed and then the given permutation similarity applied. Note that for sign patterns we say that two sign patterns A and B are equivalent if B may be obtained from A by some combination of negation, transposition, permutation similarity, and signature similarity.
The (directed) graph of a pattern A is denoted by G(A) and defined by G(A) = (V, E) where V = {1, 2, . . . n} and E = {(i, j)|a ij = * }. A path in G(A) is a sequence of vertices i 1 , i 2 , . . . , i k such that (i j , i j+1 ) ∈ E for j = 1, 2, . . . , k − 1. The number of edges in a path is referred to as its length. A cycle is a path such that i 1 = i k . A simple cycle is a cycle for which all the vertices are distinct, except the first and last. A k-cycle is a simple cycle of length k.
We would like to point out that if P is a permutation matrix, then G(P AP T ) is the same as G(A) except that the vertices have been relabelled. For example, if P is the permutation matrix associated with the permutation (abc), then G(P AP T ) will be the same as G(A), except that vertex a will now be labelled b, vertex b will now be labelled c and vertex c will now be labelled a. Notice also that the G(A T ) can be formed from G(A) simply by reversing the orientation of all the edges.
Main Results and Their Proofs
In the paper Spectrally Arbitrary Sign Patterns [3] , Drew, Johnson, Olesky and van den Driessche describe a method for establishing that a sign pattern and all its superpatterns are spectrally arbitrary. We rely exclusively on their method to show that all the patterns represented in Appendix A and Appendix B, and all their superpatterns, are spectrally arbitrary. In practice, their method works as follows:
1. Choose a nilpotent matrix with the given zero-nonzero pattern (shown in Appendix A and Appendix B). Notice that this also provides us with a nilpotent matrix for a signing of the given zero-nonzero pattern.
2. Change four of the nonzero numbers in this nilpotent realization to variables t 1 , t 2 , t 3 , t 4 . For each matrix in Appendix A and Appendix B, the numbers in boxes should be changed to variables.
3. Notice that the characteristic polynomial of each matrix can now be expressed as:
4. Find the Jacobian matrix
5
. If the determinant of J, evaluated at the nilpotent realization given in part 1 is nonzero, then by arguments put forth in [3] , this sign pattern and all its superpatterns are spectrally arbitrary. If the given sign pattern and all its superpatterns are spectrally arbitrary, then certainly the zero-nonzero pattern it represents and all its zero-nonzero superpatterns are spectrally arbitrary.
Using this method, it can be easily verified that all of the zero-nonzero patterns (or sign patterns) represented in Appendix A and Appendix B, are spectrally arbitrary. In the remainder of this section, we provide a careful case analysis that shows that (up to equivalence) these are the only 4 × 4 minimal spectrally arbitrary zero-nonzero patterns. Since we only deal with zero-nonzero patterns in the remainder of this section, we drop the "zerononzero" in our terminology.
Lemma 3.1 All reducible 4 × 4 spectrally arbitrary patterns are equivalent to superpatterns of
Proof: Since a spectrally arbitrary 4 × 4 pattern must allow two complex conjugate pairs of eigenvalues, it cannot have an irreducible block that is 1 × 1. Since the 2 × 2 strictly nonzero blocks are spectrally arbitrary, any reducible superpattern of the given pattern will be spectrally arbitrary.
Lemma 3.2 There are no 4 × 4 spectrally arbitrary patterns with fewer than seven nonzero entries.
Proof: Follows directly from [1] by observing that their proof does not depend on a signing of the entries.
Lemma 3.3 [2] If
A is a spectrally arbitrary pattern, then G(A) contains two loops and a 2-cycle.
Proof: Follows from [2] by observing that their proof does not depend on a signing of the entries.
We spend the remainder of this paper looking at irreducible zero-nonzero patterns with at least seven nonzero entries.
We analyze our patterns by categorizing them into six basic types:
A1, A2, A3, A4, A5, A6, described below.
If the graph of the pattern contains a 4-cycle, then without loss of generality, one 4-cycle is 1 → 2 → 3 → 4 → 1. The graph of any spectrally arbitrary pattern must also contain a 2-cycle by Lemma 3.3. If any 2-cycle in the graph of the pattern shares an edge with a 4-cycle, then without loss of generality one 2-cycle is 1 ↔ 2, and the pattern is equivalent to a superpattern of A1. If no 2-cycle shares an edge with a 4-cycle, then it must be equivalent to a superpattern of A2.
If the graph of the pattern does not contain any 4-cycles, but it does contain at least one three cycle, then without loss of generality, one three cycle is 2 → 3 → 4 → 2. By Lemma 3.3, to correspond to a spectrally arbitrary pattern, the graph of the pattern must contain a 2-cycle. If there is a 2-cycle and a 3-cycle that intersect only at a vertex, then without loss of generality the 2-cycle is 1 ↔ 2 and the pattern will be equivalent to a superpattern of A3. Otherwise, the 2-cycle must share an edge with the 3-cycle. In order to have an irreducible pattern with no 4-cycles, we consider superpatterns of the pattern A4.
If the graph of the pattern does not contain any 3-cycles or 4-cycles, then it must be equivalent to a superpattern of a pattern corresponding to a path, A5, or a star, A6.
We will refer to any superpattern of these patterns by putting an asterisk after the pattern. For example A1 * will represent a superpattern of A1. The additional nonzero entries will be specified in the surrounding commentary, and will change throughout the proofs. We will refer to the entry in the i-th row and j-th column by a ij or, when we want to consider several potentially nonzero entries at once, by b ij .
Lemma 3.4 There are no 4 × 4 spectrally arbitrary patterns with exactly seven nonzero entries.
Proof: Let A be a zero-nonzero pattern with seven nonzero entries, and suppose it is spectrally arbitrary. By Lemma 3.3 it must contain two nonzero diagonal entries, and hence has only five nonzero off-diagonal entries. Thus the only patterns we need to consider are equivalent to superpatterns of A1 or A3 with two zero diagonal entries turned into nonzeros.
Consider first the case where we are looking at the pattern A1 with two nonzero diagonal entries. We examine Notice that if we set the coefficient of x 3 equal to zero, then the coefficient x is also zero, hence this pattern is not spectrally arbitrary.
Next we consider A3 since it is the only other basic pattern with five nonzero off-diagonal entries. Consider In order for this determinant to have two nonzero terms (so we can make the determinant either zero or nonzero), there must be at least three nonzero diagonal entries. Hence this pattern is not spectrally arbitrary.
Since all of the other basic patterns have six nonzero off-diagonal entries we need not consider them. Thus we have shown that there are no spectrally arbitrary 4 × 4 patterns with seven nonzero entries.
Theorem 3.5 The 4×4 spectrally arbitrary patterns with exactly eight nonzero entries are equivalent to the patterns represented in Appendix A. All of these patterns are minimal spectrally arbitrary patterns.
Proof: Since there are no zero-nonzero patterns with seven or fewer nonzeros by Lemma 3.2 and Lemma 3.4, any spectrally arbitrary patterns found with eight nonzero entries are minimal spectrally arbitrary patterns.
Since each of the patterns A1 − A6 has either five or six nonzero off-diagonal entries, we need to examine superpatterns of all six patterns.
We begin with A1. We have five nonzero entries already specified. By Lemma 3.3, we need to consider patterns with at least two nonzero diagonal entries. To get eight nonzero entries, we need to change one additional zero entry to a nonzero entry.
We consider each possible nonequivalent pair of nonzero diagonal elements in turn.
Suppose a 11 and a 22 are nonzero diagonal elements for A1 * . Notice that T (12)(34) preserves our pattern. Notice also that the pattern A1 * , with a 11 and a 22 the only zeros of A1 changed to nonzeros, has det A1 * = −a 12 a 23 a 34 a 41 .
In order to create a spectrally arbitrary pattern with eight nonzero elements, we need to add a nonzero that will provide an additional term in the determinant of A1 * . Changing any one of the following entries to a nonzero will not provide an additional term in the determinant of our pattern: a 14 , a 24 , a 31 , a 32 , a 33 , a 44 , and hence we can assume that they remain zero. If a 13 (equivalently a 42 ) is changed to a nonzero, then the coefficient of x in the characteristic polynomial of A1 is −a 41 a 13 a 34 and hence the coefficient of x is always nonzero and thus this pattern is not spectrally arbitrary. Hence we assume that a 13 Notice that if the coefficient of x 3 is set to zero, then the coefficient of x will also be zero and hence this pattern is not spectrally arbitrary. This covers all possible cases with a 11 and a 22 as nonzero diagonal entries.
Suppose next that a 11 and a 33 are nonzero diagonal elements for A1 * , and that a 22 remains set to zero. Again det A1 * = −a 12 a 23 a 34 a 41 .
Changing any one of the following entries to a nonzero will not provide an additional term in the determinant of our pattern: a 13 , a 14 , a 31 , a 32 , and hence we can assume that they will remain zero. Notice that if the coefficient of x 3 is set to zero, then the coefficient of x must be nonzero. Hence this is not a spectrally arbitrary pattern. Changing any one of the following entries to a nonzero results in a spectrally arbitrary pattern that is a superpattern of A1 : a 31 , a 42 , a 43 . See the matrices in the second row of Appendix A.
All cases where a 11 = 0 and a 22 = 0 are equivalent (via T (12)(34)) to those with a 11 = 0 and a 22 = 0, which have already been covered.
Thus the remaining case to consider is the case where a 33 and a 44 are the nonzero diagonal elements. Notice again that T (12)(34) preserves our pattern. Changing any of the following entries to a nonzero would result in a case that is equivalent to a case that has already been considered: a 11 , a 14 Notice that if we make the coefficient of x 3 zero, then the coefficient of x must be nonzero, hence this pattern is not a spectrally arbitrary pattern.
The so if we make the coefficient of x 3 equal to zero, then the coefficient of x will be nonzero and hence this pattern is not spectrally arbitrary.
This completes the analysis of the patterns resulting from A1 by adding three nonzero elements.
In order to complete our analysis of spectrally arbitrary patterns with eight nonzeros whose graphs contain a 4-cycle, we need to look at the pattern A2 with two nonzero diagonal entries. Representing the diagonal entries as b 11 
2 , which is always nonpositive. Hence this pattern is not spectrally arbitrary.
Next we consider patterns whose graphs do not contain any 4-cycles. We begin by looking at superpatterns of A3 created by changing two diagonal entries to nonzeros, and one additional entry to a nonzero without creating a 4-cycle. Again we will work through pattern A3 by considering nonequivalent placements of a nonzero diagonal pair.
Consider first the case where a 11 and a 22 are two of the nonzero diagonal elements of A3 * . Changing any of the following entries to a nonzero will result in a case that is equivalent to a case that has already been considered: a 13 , a 41 , hence we can assume that they remain zero. Notice that without changing any other entry to a nonzero, we have det(A3 * ) = a 11 a 23 a 34 a 42 .
Changing any one of the following entries to a nonzero will not provide any additional terms in the determinant of our pattern: a 14 , a 24 , a 31 , a 32 , a 33 , a 44 , and hence we can assume that these entries remain zero. Finally changing a 43 to a nonzero element does provide additional terms in the determinant, however the characteristic polynomial now is: Notice that if the coefficient of x 3 is set to zero, then the coefficient of x must be nonzero. Thus this pattern is not a spectrally arbitrary pattern.
Consider next the case where a 11 and a 33 are two of the nonzero diagonal elements of A3 * . Changing any of the following entries to a nonzero would result in a case that is equivalent to a case that has already been considered: a 13 , a 41 , a 22 , hence we will assume that they remain nonzero. Notice that until we change another element to a nonzero, det(A3 * ) = a 11 a 23 a 34 a 42 .
Changing any one of the following entries to a nonzero will not provide an additional term in the determinant of our pattern: a 31 , a 32 , and hence we can assume that they remain zero. Changing any one of the following entries to a nonzero creates a spectrally arbitrary pattern: a 14 , a 24 , a 43 , a 44 . See the matrices in the third and fourth rows of Appendix A.
The case where a 11 and a 44 are nonzero is equivalent (via T (34)) to the case where a 11 and a 33 are nonzero. Now consider the case where a 22 and a 33 are nonzero diagonal elements of A3 * . Changing any one of the following entries to a nonzero will result in a case that is equivalent to a case that has already been considered: a 13 , a 41 , a 11 , hence we will assume that they remain zero. Until an eighth nonzero has be specified, notice that det(A3 * ) = 0.
Changing any one of the other entries to a nonzero will not provide two nonzero terms in the determinant of our pattern. There are no new spectrally arbitrary patterns in this case. Notice that if the coefficient of x 3 is set to zero, then the coefficient of x must be nonzero. Hence this pattern is not spectrally arbitrary. Changing any one of the following entries to a nonzero gives us a spectrally arbitrary pattern: a 14 , a 31 . These two patterns are equivalent by T (34). See the first matrix in the fifth row of Appendix A. Notice that if the coefficient of x 3 is zero, then the coefficient of x must be nonzero. This shows that this pattern is not spectrally arbitrary. which can have at most one nonzero term since two of the diagonal elements must remain as zeros.
We have now considered all the possible patterns with eight nonzero elements, and the spectrally arbitrary patterns are recorded in Appendix A.
Theorem 3.6 The 4 × 4 minimal spectrally arbitrary patterns with nine nonzero entries are equivalent to the patterns represented in Appendix B.
The patterns with nine nonzero entries, at least two of which are on the diagonal and whose graphs contain a two cycle, that are NOT spectrally arbitrary are equivalent to patterns listed in Appendix C or patterns that have patterns from Appendix D as superpatterns. The patterns with ten nonzero entries, at least two of which are on the diagonal and whose graphs contain a two cycle, that are NOT spectrally arbitrary are equivalent to the patterns given in Appendix D. Any patterns with eleven or more nonzero entries, at least two of which are on the diagonal and whose graphs contain a two cycle, are spectrally arbitrary.
Proof:
We proceed by looking at the patterns A1 − A6 in turn and changing the appropriate number of zeros to nonzeros.
We start with the pattern A1 and change two diagonal entries and two (or three) additional entries to nonzeros to get nine (or ten) nonzero entries.
We begin with the case where a 11 and a 22 are nonzero diagonal entries. Notice that the pattern is preserved by T (12)(34). We will make use of this equivalence often to reduce the number of cases we need to consider. has only a single term and hence we have a pattern with ten nonzeros that is not spectrally arbitrary. See the first matrix in Appendix D.
We now proceed with the assumption that a 11 = 0, a 22 = 0, but a 33 and a 44 remain as zeros. We next assume that a 14 = 0 (equivalently a 32 = 0). Using T (24), we see that if any one of a 13 , a 32 or a 42 is also changed to a nonzero, we get a pattern equivalent to a superpattern of a pattern in the second row of Appendix A, hence we assume that they also remain as zeros. Notice that if we set the coefficient of x 3 to zero, then the coefficient of x must be nonzero and hence this pattern is not spectrally arbitrary. See the first matrix in the first row of Appendix C. Lastly, we consider patterns with b 43 nonzero, and one additional nonzero. If b 24 = 0, then we have a pattern equivalent to a superpattern of the third matrix in the second row of Appendix B (via T (24)). If b 31 is the tenth nonzero, then we get a pattern equivalent to a superpattern of the first matrix in the fifth row of Appendix A via T (14)(23).
We now proceed with A1 by assuming that a 11 = 0, a 22 = 0, but a 33 , a 44 , a 14 , and a 32 remain as zeros. Now assume that a 13 = 0 (equivalently a 42 = 0). If a 24 is the ninth nonzero entry, then we get the minimal spectrally arbitrary pattern illustrated as the third matrix in the first row of Appendix B. If we make the coefficient of x 3 equal to zero, then the coefficient of x will be nonzero and hence the pattern is not spectrally arbitrary. See the second and third patterns in the first row of Appendix C. If both a 31 and a 43 are nonzero, then we get a pattern equivalent to a superpattern of the second matrix in the fifth row of Appendix B via T (12)(34). We can now proceed by assuming that a 11 = 0, a 22 = 0, but a 33 , a 44 , a 14 , a 32 , a 13 , and a 42 remain as zeros. We consider the case where a 31 (equivalently a 24 ) is the eighth nonzero entry. If a 24 is the ninth nonzero entry, then the determinant of A1 * has only one term and hence this pattern is not spectrally arbitrary. See the first matrix in the second row of Appendix C. If a 43 is the ninth nonzero term, then Notice that if we set the coefficient of x 3 equal to zero, then the coefficient of x will be nonzero and hence the pattern is not spectrally arbitrary (see the second matrix in the third row of Appendix C). If both a 24 and a 43 are nonzero, then we get a pattern equivalent (via (13)(24)) to superpattern of the second matrix in the third row of Appendix B. This finishes our analysis with a 11 and a 22 as nonzero diagonal entries.
We next consider the case where a 11 and a 33 are nonzero diagonal entries. We may assume that all of the following entries remain zero (otherwise it is a case we have already covered or a superpattern of one of the patterns in the first row of Appendix A): a 22 , a 24 , a 42 , a 43 . Setting the remaining potentially nonzero elements to b ij we see that This completes the case where a 11 and a 33 are nonzero diagonal entries.
Next for the pattern A1, we check the case where a 11 and a 44 are nonzero diagonal elements. We may assume that all of the following entries remain zero (otherwise it is equivalent to a case we have already covered or a superpattern of one of the patterns in the second row of Appendix A): Notice that the determinant will have two nonzero terms only if b 32 is nonzero. Then if b 13 is also nonzero, we get a pattern that is equivalent to a superpattern of the first matrix in the fifth row of Appendix A (via (1432)). If b 24 is the ninth nonzero, then the pattern is spectrally arbitrary (see the last matrix in the second row of Appendix B). If b 32 = 0, b 13 = 0, and b 24 = 0, then there is only one term in the determinant of the pattern and hence it is not spectrally arbitrary (see the last matrix in the second row of Appendix C).
The cases where a 22 and either a 33 or a 44 are nonzero diagonal entries is equivalent to the cases where a 11 and either a 33 or a 44 are nonzero diagonal entries via T (12)(34).
Finally, for the pattern A1, we check the case where a 33 and a 44 are nonzero diagonal elements. Again T (12)(34) preserves the pattern. We may assume that all of the following entries remain zero (otherwise it is equivalent to a case we have already covered): a 11 , a 22 , a 14 , a 32 , a 43 . We begin by assuming that a 13 (equivalently a 42 ) is nonzero. If a 24 is the ninth nonzero element, then we get a pattern equivalent to a superpattern of the first matrix in the fifth row of Appendix A by (12) . If a 31 , or a 42 is the ninth nonzero element, then the pattern is spectrally arbitrary (see the first two matrices in the third row of Appendix B). Finally, if a 13 = a 42 = 0 and a 24 and a 31 are the nonzero elements, then the pattern is also spectrally arbitrary (see the third matrix in the third row of Appendix B).
This finishes our analysis of A1. Next we consider the pattern A2 with two nonzero diagonal entries, and one or more additional nonzero entries. Since changing any of a 14 , a 21 , a 32 , or a 43 to a nonzero will result in a pattern equivalent to a superpattern of A1, we can assume that they are all zero. We start with the case where a 11 = 0.
Consider first the case where a 33 is also nonzero. If a 31 is also nonzero, then we have a superpattern of the first pattern in the fifth row of Appendix A via (14) . The case where a 13 is nonzero is equivalent via (13)(24). Hence we assume a 31 = a 13 = 0. If a 22 is the ninth nonzero then we have the spectrally arbitrary pattern illustrated as the first matrix in row four of Appendix B. The case where a 44 is nonzero is equivalent via T (24). This completes the case where a 33 is nonzero.
Hence we will assume that a 33 is zero. Since the pattern is symmetric in 2 and 4, we will assume that a 22 is another nonzero diagonal entry. If a 44 is also nonzero, then the pattern is spectrally arbitrary and is represented as the second matrix in the fourth row of Appendix B. Hence we assume a 44 = 0. If a 13 is nonzero, then the pattern is equivalent (via (1342)) to a superpattern of the first matrix in the third row of Appendix A, and hence is spectrally arbitrary. We next consider the case where a 13 = 0, but a 31 = 0. This pattern is spectrally arbitrary and is represented by the third matrix in the fourth row of Appendix B. This completes the possible patterns with a 11 = 0. Hence we can assume that a 11 = 0, and by symmetry that a 33 = 0. This leaves us with the case where a 22 and a 44 are the only nonzero diagonal elements. If a 31 is also nonzero, then we get the spectrally arbitrary pattern represented as the first matrix in the fifth row of Appendix B. The case where a 31 = 0, but a 13 = 0 is equivalent via (13)(24).
Next we work with the pattern A3, by adding two nonzero diagonal entries, and two (or three) additional nonzero entries, while avoiding creating any 4-cycles. We can thus assume throughout this section that a 41 = a 13 = 0.
We begin by assuming that a 11 and a 22 are nonzero diagonal entries for A3 * . If in addition, a 33 = 0, then if any of a 14 , a 24 , a 43 , or a 44 is nonzero we have a superpattern of a pattern in the third or fourth row of Appendix A. Hence we may assume these entries remain zero and that one of the remaining two entries, a 31 or a 32 , is changed to a nonzero. But even if both entries are changed to nonzeros, we see that det(A3 * ) = a 11 a 43 a 23 a 34
and hence this pattern is an example of a pattern with ten nonzero entries that is not spectrally arbitrary (see the first matrix in the second row of Appendix D). We've already established that setting an additional term to a nonzero will result in a spectrally arbitrary pattern.
We continue the case where a 11 and a 22 are nonzero diagonal entries, while assuming this time that a 41 = a 13 = a 33 = a 44 = 0 (if a 44 = 0, then we have cases equivalent via T (34) to cases with a 33 = 0 above and a 44 are the nonzero elements is covered by the similarity T (34).
We proceed by assuming that a 11 = 0 and that two nonzero diagonal entries are a 22 and a 33 . First we consider the case where a 44 = 0. If a 14 is also nonzero, then we have a superpattern of the first pattern represented in the fifth row of Appendix A. Hence we will assume a 14 = 0 (and via T (34), that a 31 = 0). If a 43 = 0, then the determinant of A * 3 has only one term and hence by choosing a 24 and a 32 to be nonzero, we get a pattern with ten nonzero entries that is not spectrally arbitrary. See the first matrix in the third row of Appendix D. If a 43 = 0, but a 24 = a 32 = 0, then we get the spectrally arbitrary pattern represented by the third matrix in row five of Appendix B. We now consider the patterns A3 * with a 11 = a 41 = a 13 = a 44 = 0, and a 22 and a 33 nonzero. If a 43 = 0, then the only way that the determinant can have two nonzero terms is if a 14 = 0 and a 31 = 0. This pattern would then have a four cycle and would correspond to a case that has already been considered. By setting one or the other of these two elements to zero, and all remaining potentially nonzero elements to nonzero, we get two patterns with ten nonzeros that are not spectrally arbitrary. One of these patterns is equivalent to the second pattern in the second row of Appendix D via (13) and the other is the second pattern in the third row of Appendix D. Assume next that a 43 = 0. If a 14 = 0, then in order to get two nonzero terms in the determinant, we must have a 24 and a 31 both nonzero. But this would create a 4-cycle and hence corresponds to cases we have already considered. If either of these two entries is zero, and all the remaining potentially nonzero elements are changed to nonzeros, then we get two patterns with ten nonzeros that are not spectrally arbitrary (see the last two patterns in Appendix D). The case where a 43 and a 14 are both nonzero is a equivalent to a superpattern of the third matrix in the third row of Appendix A via (1423). This completes the case where a 22 and a 33 are two nonzero elements on the diagonal of A *
.
The remaining case we need to check with the pattern A3 is the case where the nonzero diagonal elements are a 33 and a 44 . We can assume a 11 = a 22 = a 13 = a 41 = 0 as these cases have already been covered . If a 14 (or a 31 ) is nonzero, then we are working with a superpattern of the first pattern in the fifth row of Appendix A. Keeping a 14 = a 31 = 0, setting the remaining potentially nonzero elements to b ij and taking the determinant we get det(A3 * ) = a 21 a 12 a 33 a 44 + a 21 a 12 a 34 b 43 , which has two nonzero terms only when b 43 = 0 (otherwise we get the second pattern in the third row of Appendix C, which is not spectrally arbitrary). If b 43 is changed to a nonzero, along with b 24 , then we get the spectrally arbitrary pattern listed as the first matrix in the sixth row of Appendix B.
The case where a 32 is the ninth nonzero element is equivalent via T (34).
This completes our analysis of the pattern A3 * with nine or more nonzero entries.
Next we consider the pattern A4. If either a 13 or a 31 is nonzero, then we get a 4-cycle. If any of a 12 , a 32 , a 43 or a 41 is nonzero, then we get a pattern equivalent to a pattern that contains A3 and hence it has already been analyzed. Thus we assume that they remain zero. If both a 11 and a 33 are changed to nonzeros, then we get a superpattern of the second pattern in the fifth row of Appendix A. By symmetry, we assume a 33 remains zero. Thus the only pattern left to analyze is that where a 11 , a 22 , and a 44 , are nonzero. In this instance, the determinant of A4 * will only have one nonzero entry, and hence the pattern listed third in the third row of Appendix C is not spectrally arbitrary.
This completes the cases where the pattern has a 3-cycle or a 4-cycle. Now consider the pattern A5. If we change any off-diagonal element to a nonzero, then we get a 3-cycle or 4-cycle and hence have a case that we have already considered. If a 11 and a 44 are nonzero, then we are working with a superpattern of the second pattern in the sixth row of Appendix A. Hence we assume, without loss of generality, that a 44 = 0. This leads us to the case where a 11 , a 22 , and a 33 are nonzero, which is spectrally arbitrary and illustrated as the second matrix in the sixth row of Appendix B.
Finally, we consider the pattern A6. Again, we can only change diagonal elements to nonzeros without creating patterns we have already analyzed. If a 11 is nonzero, with two other diagonals nonzero, then the determinant has only one nonzero term, and hence the last pattern listed last in the third row of Appendix C is not spectrally arbitrary. If a 11 = 0 and a 22 , a 33 , and a 44 are nonzero, then the pattern is spectrally arbitrary and is illustrated as the third matrix in the sixth row of Appendix B.
This completes our case analysis of the patterns with nine or more nonzero entries.
Corollary 3.7 Any 4 × 4 irreducible pattern with at least eleven nonzero entries, at least two of which are on the diagonal, is spectrally arbitrary.
Proof: If a pattern has eleven or more nonzero entries, then its graph must have a two cycle. Proof: Even though the fourth pattern given in first row of Appendix C is not spectrally arbitrary, it is inertially arbitrary. Notice that for fixed parameters p, q, r, and s, if the variable z is chosen sufficiently large, then the matrix Unless r and s are both zero, this matrix also has the desired zero-nonzero pattern. If r and s are both zero, then the characteristic polynomials not realized with this parameterized matrix are of the form
which have the same inertia as polynomials of the form (x 2 + 1)(x 2 + px + q) = x 4 + px 3 + (q + 1)x 2 + px + q.
The latter polynomials are realized by the given parameterization unless both p and q are also zero. But notice that the polynomial x 4 has the same inertia as the polynomial (x 2 + 1) 2 = x 4 + 2x 2 + 1, which is realized by the given parameterization. Hence this pattern is inertially arbitrary. is nilpotent, however the associated zero-nonzero pattern is not spectrally arbitrary (see the last matrix in the first row of Appendix C).
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